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INTRODUCTION

In 1965, F.M. Sioson studied ideal theory in ternary semgroups. He also introduced the notion of regular ternary semigroups and
characterized them by using the notion of quasi ideals. In 1995, V.N. Dixit and S. Dewan[4] introduced and studied the properties
of ideals in ternary semigroups. The concept of ideals is an interesting and important idea in many algebraic structures. Several
researches have characterized many type of ideals on the algebraic structures such as: Iampan studied the concept and gave some
characterizations of (0-)minimal and maximal ordered bi-ideals in ordered G-semigroups and he developed the concept of ideal
extensions in ternary semigroups. The connection between an ideal extensions and semilattice congruences in ternary semigroups
is considered. Nezhad gave several characterizations of strongly prime ideals of commutative integral domains. Shabir, Jun and
Bano introduced and studied the prime, strongly prime, semiprime and irreducible fuzzy bi-ideals of semigroups. They
characterized those semigroups for which each fuzzy bi-ideal is semiprime and also characterized those semigroups for which each
fuzzy bi-ideal is strongly prime.

1. Preliminaries and Basic Results

1.1 Definition: A non-empty set 7 is said to be ternary semigroup if there exists a ternary operation + : I’ XI'xT — T
written as (a,b,c) —>ab.c
satisfies the following identity (abc)de = a(bcd )e = ab(cde) forany a,b,c,d,eeT .

*Corresponding author: Dr. Nagi Reddy, U.
Assistant Professor (c), Dept. Of Mathematics, Rayalaseema University, Kurnool — 518002.



17513 Dr. Nagi Reddy et al. Some properties of fuzzy quasi ideals in ternary semigroups

. oo oyl o0 PO OO O
Example 1: Let T {Ig l:'] i [":' 1]' [(’ DI' [0 ":'1' [1 C'] ' [‘:' |] } then T is a ternary semigroup under usual
multiplication.

1.2 Definition: A non-empty subset 4 of a ternary semigroup 7T is called a ternary sub semigroup of T if AAAC A.

1.3 Definition: A non-empty subset A of a ternary semigroup 7 is called a left (right, lateral) ideal in 7" if TTAC A(
ATT < A, TAT  A).

1.4 Definition: A non-empty subset A of a ternary semigroup 7  is called a two sided ideal of 7" ifitis both left and right
idealin T .

1.5 Definition: A non-empty subset A of a ternary semigroup 1 is called a idealin T ifitis left, right and lateral ideal in
T,

1.6 Definition: A non-empty subset 7 of a ternary semigroup 1 is called a quasi ideal in T

it (ATT)(TAT)~(TTA) < A and (ATT)(TTATT ) ~(TTA) < A .
1.7 Definition: A ternary sub semigroup A of a ternary semigroup 1  is said to be a bi-idealin T if ATATA < A.

1.8 Definition: Let 7" be a non-empty set. A fuzzy subset of a ternary semigroup 7 is a function £ : 7 — [0, 1] .

1.9 Definition: Let £/ be a fuzzy subset of a non-empty set 1" forany? € [0, 1], the subset £, = {xeT:ux)>t}of T

is called a level set of £ .

1.10 Definition: For any two fuzzy subsets 44 and (£, of a non-empty set T', the union and the intersection of £4 and H,
denoted by 44, U 11, and g M, are fuzzy subsets of 7' and defined as (,Lt1 ) uz)(x) =max {Qu,(x), 4 (%)}
= 1,(x) Vv 1, (x) and (g4 N s)(x) =min {(£4(x), £, (x)} = 14,(x) A 11,(x) forall x €T Where v denotes maximum or

supremum and A denotes minimum or infimum.

1.11 Definition: Let £, t, and g, are any three fuzzy sets of a ternary semigroup T . Then their fuzzy product

M, © [, © 1ty is defined by
\Y {yl(x)Ayz(y)Ay3(z)} if a is expressible as a=xyz

a=xyz

for all x,y,zeT

(MOMO%X@={

0 otherwise

1.12 Definition: A fuzzy set 4 of a ternary semigroup 7 is called a fuzzy ternary subsemigroup of 7' if
puxyz) 2{u(x) A u(y) A p(z)} forall x,y,zeT.

1.13 Definition: A fuzzy ternary sub semigroup 4 of a ternary semigroup 7 is called a fuzzy bi-ideal in T if
pu(xmynz) 2 {pu(x) A u(y) A p(z)} forall x,y,z,mneT

1.14 Definition: A fuzzy set g of a ternary semigroup 7 is called a fuzzy left (right, lateral) ideal in 7T if p(xyz) > u(z),(

p(xyz) 2 p(x), p(xyz) 2 p(y)) forall x,y,zeT

1.15 Definition: A fuzzy set 1/ of a ternary semigroup 1 is a fuzzy ideal in T if it is fuzzy left, right and lateral ideal in

T

1.16 Definition: Let A be a non-subset of a ternary semigroup 7. Then the characteristic function of A4 is defined by
1 if xed

C, (x)=
0 if xgA

We denote the characteristic function C,. of T'.ie., T =C, thus T(x)=1 forall xeT.

1.17 Definition: A fuzzy set g of a ternary semigroup 1 is called a fuzzy quasi ideal of 7 if
(ToTomyN(ToueT)N(ueTeT)ycu and (ToTou)N(ToTopuoToT)N(uoToT)c u.
ie, [(ToTou)yM(TouoT)N(uoToT)|(a) < u(a) and
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[(ToTou)yN(ToTopueToT)N(uoToT)l(a) < u(a)

1.18 Definition: A subset A of a ternary semigroup 7 is said to be a prime ideal in T if xyze€ A implies X €A or
yeA or zeA.

1.19 Definition: A fuzzy ideal 4 of a ternary semigroup 7  is called a fuzzy weakly completely prime ideal in 7" if
H1(x) > u(xyz) or p(y) = pu(xyz) or p(z) > pu(xyz) foral x,y,zeT .

1.20 Definition: A fuzzy ideal g of a ternary semigroup 7 is called a fuzzy prime ideal in T if

inf u(xyz) > max {u(x), u(y), u(z)} for all x,y,zeT.

1.21 Proposition [3]: If 1, p, 4y p, and fi5 are fuzzy subsets of a non-empty set 7" then

() 4y Oy D) Oy = (O, O ) Oy Oy OV ).

(i) (44, Y py) o py o iy = (0 fy o )\ (fy 0 fy 0 1)

(i) p4y 0 (fy D pty)0 pry= (4 © py 0 )\ (4 © fhy © f1y).

(iv) py 0 phy o (3O py)= (0 py o f3) I (0 fy 0 ).

(V) (£ 0 py o pig)o pryo ps = iy o (fy © fy o fy) © fs = fy © [y © (fy © fhy © [hs).

1.22 Proposition: If £/, and g, are two fuzzy subsets of a non-empty set 7" then
0 (g, N py)oToT)yc (uyoToT)N (0T oT)

(i) (T o(uy N py)eT)S(Top, e T)N(T o pyoT)

(iii) (ToT oy, N py) )T oTopu)N(ToTou,) .

Proof: (i) Let xeT . If x # pgr for any p, q,r €T then ((g, oTT)N(p,oToT))(x)=0=
((y O p1y)oT o T) ().

If x =pgqr forany p, q,r €T then

(0 p)oToT)(x) = v Ay O o)) AT AT ()}
= ()~ (p) AlATE
= (P~ (p)}
sty (P Al v i (p)}H
=tV PANALRE AL v s (D) AIALH
=1V DA DT AL v A (PIAT(@) AT ()}

=, oToT)(x) A (uyoToT)(x)
=((g,oToT) N (fyoToT))(x)
((ty N py)eToT) (x) <((pyoToT) N (1, 0T oT))(x)

Therefore (1, N py)oToT) < ((p, oTT) T.
Similarly we can prove that

(i) (To(uy N py)eT)S(Top, e T)N(T o pyoT)
and (i) (T oT o(u, N py) )T oTopu)N(ToTou,).
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2 Main Results

2.1 Theorem: If 4/ is a fuzzy left ideal in a ternary semigroup 7 ifandonlyif 7T oT oy cC u.

Proof: Let 4 be a fuzzy left ideal in a ternary semigroup 7. Then we have p(xyz) > u(z).
Consider (ToTou)a)= V {T(x)AT(y)A u(z)}
a=xyz

V {AAlA u(z)}
a=xyz

V' u(2)

a=xyz

IA

V' u(xyz) (. uisafuzzyleft ideal of T')

a=xy:z
= u(a).

(T'oT o u)(a) < u(a)

(ToTopu)ycpu forallaeT.

Ifa#xyz then (ToTou)a)=0<u(a) = (ToT o u)a)< u(a)
Therefore T oT o 1 < pt.

Conversely, assume that T o7 o g < g£. Then forany x,y,z€ T,
we have p(xyz)2(ToT o u)(xyz)
= YV AT(a)AT(®) A p(e)}

xyz=abc
=T AT AT(2)}
=1A1A u(z2)
= u(z)
p(xyz) 2 p(z)
Therefore g is a fuzzy left idealin T .

2.2 Theorem: A fuzzy set g of a ternary semigroup 7 is a fuzzy right (lateral) ideal in 7  if and only if
peloT cpu (TopeT Cp).

Proof: Similar to the proof of Theorem 1.22.

2.3 Result[9]: For any non-empty subsets A, B and C of a ternary semigroup 7' ,we have (i) C,o0C,o0C,. =C . (ii)
CinCynCe=Cpnc-

2.4 Theorem: A non-empty subset A of a ternary semigroup T is a quasi ideal in T if and only if the characteristic function
C, of A isafuzzy quasi ideal in T .

Proof: Assume that A is a quasi ideal in a ternary semigroup 7 .
Then we have (ATT)N(TAT)N(TTA) < A and (ATT)N(TTATT) N (TTA) < A.
Let C, be the characteristic functionof 4 in 7.
Consider (C,oT oT)YN(ToC oT)YN(ToToC))
= (C oCroCr)N(CroCyoCr)N(CroCroly)
= Cupr NCpyy NChyy
= C(ATT)r\(TAT)r\(TTA)
(C,oToT)N(ToC,oT)N(ToToC,)cC,
and (C,oT oT)N(ToToC 0T oT)YN(ToT-C,)
= (C 0CoC)N(CroCroC 0CroCr)N(CroCroC)
= Curr N Crpyr N Coyy



17516 International Journal of Development Research, Vol. 07, Issue, 12, pp.17512-17518, December, 2017

= C(ATT)m(TTATT)m(TTA)
(C,oToTYN(ToToC,oToT)YN(ToT-C,)cC,
Hence C, is a fuzzy quasi ideal in 7.
Conversely, assume that C , is a fuzzy quasi ideal in 7.
Thenwe have (C,oT oT)N(ToC, oT)N(ToTo-C,)cC,
and (C,oToT)N(ToToC,oToT)N(ToT-C,)cC,
Let x € (ATT)N(TAT)(TTA) . Then
Ci,(x)2[(C oTeT)NToC oT)N(ToTC,)](x)
2[(CyoCroCr)N(CroC oCr)N(CroCrol))](x)
2 C(ATT)m(TAT)m(TTA) (%) (- xe(ATT)N(TAT) N (TTA))
C,(x)21=>xe4
Therefore (ATT)N(TAT) N (TTA) < A
andlet x € (ATT)N(ITATT)N(TTA). Then
C,(x)2[(C,eToT)N(ToToC,oToT)N(ToToC,)|(x)
2[(C oCroCr)N(CroCroCyoCreoCr)N(CroCroC))](x)
> C(ATT)m(TTATT)m(TTA) (x) (o (ATT)N(TTATT) N (TTA))
C,(x)zl=>xe4
Therefore (ATT)N(TTATT)N(TTA) < A

Hence A isaquasiidealin T .

2.5 Theorem: Let 44, g, and u, be fuzzy right, lateral and left ideals in a ternary semigroup 7 respectively. Then
HyoHy oy & Hy O [y O s

Proof: Given that £, u, and u, be fuzzy right, lateral and left ideals in a ternary semigroup 7 respectively. Let @ eT
suchthat a =xyz forall x,y,z€T .

Consider (41 ° 41, © pr)(@) = V {pn(¥) A p, (D) A 113 (2)5
< Vi (y2) A g (xy2) A s (xy2)]}

< p,(a) A 1, (a) A 5 (a)
(g0 py o pz)(a) < (py Oy N s )(a)
Therefore g1, 0 g1, o 15 < p1y O p1y O ps.-

If a#xyz then (u0p0ps)a)= 0 <(u N py 0 ps)a)
Hence Hy° My oy © My Oy N Uy

2.6 Theorem: Let g and g, be fuzzy right and left ideals in a ternary semigroup I respectively. Then

pyoT o py Cpy O iy
Proof: Given that 4 be fuzzy right ideal and g, fuzzy left ideal in a ternary semigroup 7 . Let @€ T such that

a=xyz forall x,y,zeT.
Consider (s 0T o) (@) = NV Ut () AT() A (2]

a:\){VZ{M (X)ALA 1, (2)}
N A @) A (2)]
a:x\/yz{,ul (xyz) Aty (xyz)}

IN

IN

w(a) A, (a)
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ol opy cpyNp,.
If a#xyz then (p,oTop,)(a)= 0 < (u N u,)a)
Therefore t T o pt, < py N .

2.6 Theorem: If a fuzzy subset 1 of a ternary semigroup 7' is a fuzzy quasi idealin 7 then the level set £, is a quasi ideal

of T.

Proof: Let 7' be aternary semigroup and given £, is a level set of a fuzzy set 4.

Suppose 4 is a fuzzy quasi ideal of T and let a €[(TTu,) N (Tp,T) (1, IT)]. Then there exists X,),Z € U,
= u(x)>t, w(y)=t,u(z)>t. Let u,v,p,q,r,s €T .Then

Consider [(ToTou)N(TopuoT)N(poT oT)|(a)

=T oTou)a)N(TouoT)a)N(uoT T (a)

=LV AT@ATO) AL ALY AT A M) AT@H ALY A1) AT AT(6)} ]
LV ARG ALY (A ) AT ALY () a1 AT

= [V ALY Aau)IALY )]

>t =>[(ToTopw)N(TopueT)N(uoToT)|(a)>t =>acu,

Therefore  [(TTw,) N (Tp,T) N (u,TT)] < p,

and let a €[(TTu )NTITuTT)N(u,TT)]. Then there exists X,V,z € i, and
u,v,p,q,r,s,weT suchthat p(x)>t, u(y)=>t, pu(z)=>t.

Consider [(ToTou)N(ToTouoToT)YN(oT oT)](a)
=T oTou)a)n(TeTopeToT)a)(uoTT)(a)

- [a:\u/vx{T(u) ATO) A u(x)} ] A [a:\élr{T(p) AT(@) A (oToT)(r)}]
ALY {u(2) AT(s) AT(W)}]

=LY AAApFIAL N QA TA(uoT o TYMI] ALY, (1) ALATH]
Let r = ybc, for any y,b,ceT
=LY ALY N u) AT AT@F] ALY, Au(2)] ]

= [V ALY AV w0 aa ALY {u@)}]
LY @ ALY (Y, 0 ALY, u)]
>t

[(ToTopw)yN(ToTopuoToT)N(ueoToT)(a)2t = acp,
Therefore a € [(TTu, ) (TTuTT)N(u,TT)] c 4,

Hence /4, isaquasi
idealin T'.
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