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INTRODUCTION

Modem differential geometry plays an important a role to explain the dynamics of Lagrangians. So , if Q is an m-dimensional configuration
manifold and L : TQ — R is a regular Lagrangian function , then it is well-known that there is a unique vector field {on TQ such that dynamics
equations is given by:

where @, indicates the symplectic form. The triple (TQ ,®; ,¢ ) is called Lagrangian system on the tangent bundle.  Also, modern differential
geometry provides a good framework in which develop the dynamics of Hamiltonians. Therefore, if Q is an m-dimensional configuration
manifold and H : T*Q — R is a regular Hamiltonian function, then there is a unique vector field X on T*Q such that dynamic equation are given
by

iy® =dH - (2)

Where O indicates the symplectic form. The triple (T*Q ,®,X) is called Hamiltonian system on the cotangent bundle T*Q.

Nowadays, there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, system and equations [1, 2, 3, 4, 5, 6]
and there in. There is real, complex, paracomplex and other analogues. As we know it is possible to produce different analogues in different
spaces. Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the complex numbers. Hamiltonian’s defining relation
is most succinctly written as:
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i2=j2=k2=ijk=-1

If it is compared to the to the calculus of vectors, quaternions have slipped into the realm of obscurity. They do however still find use in the
computation of rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be written pleasantly by means of
quaternions. Some physicists hope they will find deeper understanding of the universe by restating basic principles in terms of quaternion algebra

[77.
The algebra B of split quaternions is a four-dimensional real vector space with basis {1,i,s,t} given by

i2=-1,s2=1=¢t2,is=t = —si.
This carries a natural indefinite inner product given by (p,q) = Repq, where p = x + iy + su+ tv has p = x — iy — su — tv. We have
[Ipll? = x2 + y2 — s2 — t2, so a metric of signature (2,2) .This norm is multiplicative , [|[pqll? = lIplI?|lql|?, but the presence of elements of
length zero means that B contains zero divisors. The fundamental structures 1,i,s,t are not the only split quaternions with square +1 . Using
the multiplication rules for , one can calculate p? = —1 ifand only if p =iy + su+tv,y? —s?—t?=1,p%? =+1 ifand only if p = iy +
suttv,y?—s?—t2=—-1lorp= 1.

The right B-module B™ = R*" inherits the inner product (£,n) = Ref "» of signature (2n,2n). The automorphism group of
(B",{.,.) is Sp(n,B) = {A € M,,(B): A”TA = 1} which is a Lie group isomorphic to Sp(2n, R), the symmetries of a symplectic vector space
(R*™, w).

Especially , Sp(1,B) = SL(2,R) is the pseudo-sphere of B = R%? . The Lie algebra of Sp(n,B) is Sp(n,B) ={A € M,(B):A+ A7 T =
0},s0 Sp(1,B) = ImB. The group Sp(n, B) x Sp(1, B) acts on B" via :

(4,p).§ =Aép - 3)
For detail see [ 8 ].
It is well-known that quaternions are useful for representing rotations in both quantum and classical mechanics.

Preliminaries: Therefore, in the present paper, we present, equations related to Hamiltonian mechanical systems on para-quaternionic Kdhler
manifold. Throughout this paper, all mathematical objects and mappings are assumed to be smooth , i.e. infinitely differentiable and Einstein
convention of summarizing is adopted. (M), (M) and A*(M) denote the set of functions on M , the of vector fields on M and the set of
1 — forms on M , respectively.

Theorem:

Let f be differentiable ¢ ,1) are 1 — form, then :
. d(f¢) =df N + fdo
. dlpAp) =dp A —pAdy

Frame Fields and co-Frame Fields

If U, X is a chart on smooth n — manifold then written X = (X*,X?, ..., X™) we have vector fields defined on U by

a
— P D
dxt ax‘p

3 . o
Such that the together the Py form a basis at each tangent space at point in U.

We call the set of fields % ) ,% a holonomic frame field over . If X is a vector field defined on some set in cluding this local chart domain U

then for some smooth function X* defined on U we have :

17}
axt

X@P)=2X'(p)

»

Notice also that dx® : p — dxilp defines a field of Co-vectors such that dxllp ) eee) dx"lﬂ7 forms basis of T;M for each p € U. The fields form
what is called a holonomic Co-frame over U. In fact , the function X are given by dx!(X) : p — dxi|p(X;,). [9]

Para-Quaternionic Kdahler Manifolds:

Here, we recall hyper symplectic manifolds and para-quaternionic K dhler manifolds given in [8].
Let m = 4n identity R*" with B® and consider G = Sp(n,B) < GL(4n,R).An Sp(n,B). Structure Spg(M)on M defines a metric g of
signature (2n, 2n)by g(u(v), u(w)) = (v, w) . The right action of i, s and ¢ on B™ define endomorphism’s F , G and H of T, M satisfying:

F2=-1,G?=H?=[FG=H=-GF - “)

And the compatibility equations, for X,Y € T,M
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g(FX ,FY) = g(X,¥),g(GX ,GY) = —g(X ,Y) = g(HX ,HY) - (5)

Where I denotes the identity tensor of type(1,1) in , and g is Riemann metric. Using (4) we obtain three 2-forms wg , wg , and wy given by

wp(X,Y) =g(FX,Y), wg(X,Y) =9g(GX,Y), wy(X,Y)=g(HX,Y).

The manifold M is said to be hyper symplectic if the 2-fprms wy , wg ,and wy are all closed:

dwp =0,dwg =0 and dwy = 0.

Now we think of the larger structure group Sp(n, B)Sp(1, B) acting on B™ = R*" via (3). Again we have metric of neutral signature (2n,2n) ,
but now we can not distinguish the endomorphism’s F , G and H. Instead we have a bundle Gof endomorphism’s of TM that locally admits a

basis {F, G, H} satisfying (4) and (5) .

{F, G, H} is called a canonical local basis of the bundle V in any coordinate neighborhood U of M. Then V

is called a para-quaternionic structure in M. The pair (M, V) denotes a para-quaternionic manifold with V. A para-quaternionic manifold M is of
dimension = 4n(n = 1) . A para-quaternionic structure V'with such a Riemannian metric g is called a para-quaternionic metric structure. A
manifold M with a para-quaternionic metric structure {g , V} is called a para-quaternionic metric manifold.

The triple (M, g ,V) denoted a para-quaternionic metric manifold. If n > 1, we say that M is para-quaternionic Kdhler if its holonomy lies in

Sp(n,B)Sp(1,B) .

Let {x; , %p1i ) Xon+ir X3nsi} » L = 1,7 be areal coordinate system on a neighborhood U of M.

The frame field represents the natural bases over R of tangent space T(M)of M and can be written:

G} e=0123 - (6)
The Co-frame field represents the natural bases over Rof the cotangent space T*(M)of M and can be written:
{dxgns+i} , a=0,1,23 - @)
Taking into consideration (4) , then we can obtain the expressions as follows:
a a a a
P50 = 6 (o) = oo+ (R =
Ox; axn+1 g axzn+1 ox; 0x3n+4i
d d a a
P(a) = om G = 7 1 o) =5 :
Oxn4i axl n+1 ax3n+i OXn4i 0xan+i ®)
P (o) = ) = ) =,
0Xan+i ax3n+i ’ 0xon+i ox; Oxon+i Oxn4i
a a a a a a
Fo) = =5 S o) = 5 M ) =5
0x3n4i 0xan+i 0x3n+i 0xnyi 0x3n+i Ox;
A canonical local basis {F*,G*, H*} of V* of the cotangent space T*(M) of manifold M satisfies the condition as follows:
%2 %2 %2 * vk * * Ik
F* =-1,6" =H" =1,F'G"=H"=-G"F - Q)
Defining by:
Fr(dx;) = dxnyi »  G(dx) = dxony ,  H™(dx;) = dxgpny
F*(dxny) = —dx;, G*(dxny) = —dXzny, H (dXny) = dxgpyy - (10)

F*(dXan4i) = dXznyi, G*(AXony) = dx;,  H* (dXpny) = dXpyy
F*(dx3n4i) = —dXon4i, G7(dX3ne) = —dXpy;, H (dX304) = dx;

Hamiltonian Mechanical Systems:

Here , we present Hamiltonian equations and Hamiltonian mechanical systems for quantum and classical

mechanics constructed on para-quaternionic Kdhler manifold (M ,g,V*). Firstly , let (M, g,V™) be a para-quaternionic Kdhler manifold.
Suppose that an element of para-quaternionic structure V* , a Liouville form and a 1-form on para-quaternionic K dhler manifold (M ,g ,V™) are
shown by F*, Ap~ and wg-, respectively.

Consider:

1
Wpr =5 (xidx; + XnyidXpyi + XongidXon4i + X3n4idX3p4) (11)

In this equation can be concise manner:

_1y3
Wp* = EZa:Oxanﬂ'dxanﬂ'

5 (12)
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Then we have:
. 1
Apr = F(wp) = 5 (%1 = X4 i0%; + XonsidX3p4i = Xan+i0Xon4i) 13)
It is concluded that if @+ is a closed para-quaternionic Kdhler form on para-quaternionic Kdhler manifold (M, g ,V™), then @« is also a

symplectic structure on para-quaternionic Kd#hler manifold (M, g,V*). Can be written Hamiltonian vector field X associated with Hamiltonian
energy H by using frame fields formula:

a

— V3 an+i
X - Z :0X axanﬂ' -
Then
O = —dAps = dxpy; Ndx; + dXzpy AdXopyy = (14)

Can be written iy by using frame fields:

a

iy=X"i—— | q=0,123 - (15)
0Xgn+i
Ifra=0 = iy=x->
6xl-
iy Op = X! i dx; — Xi-> . dx;.d xi2 4 d xi2 4 d
xPpr = X5 Ao AXy = XD 5. AX A + X0 5. AXgpai Aoy — X 50 AXoni AXgni

ix®p = Op-(X) = X dx; — XLdxpy + X3 dxyn — X2 dxgy g

. ;9
If:a=1 = iy=X"""—0
X 0xn+ti

3}

iX(DF* = XT'L+I. . dxn+i. dxl - XT'L+I.

Xn+i 5 Xn+i
n+i n+i
+X P) e dx3n+i. dx2n+i - X e
Xn+i Xn+i
: — — yn+i i 3n+i 2n+i
qu)F* —_ @F* (X) —_ X . dxl - X . dxn+l + X . den+i - X . dx3n+i
. i 7]
If:a=2 = iy=X""_—\
0xan+i

2n+i
. dxn+l-. dxi - X

. dx,:. dan-

dx2n+i' dx3n+i =

3}

iX(DF* = X21’1+l. ox - dxi. dxn+i
2n+i

_ X2n+i

0Xon+i

+X2n+1
O0Xon+i 0Xon+i

i@ = Ope(X) = X dx; — X dxpy; + X3 dxgy — X2V dXany

X3y AXopy X i AXzpy

. i 0
If:a=3 = iy=X3""_—\
5 0x3n4i
ixq)p* = X3n+l . dxn+i. dx,: - X3n+l . dxi. dxn+l-
0X3n+i 0x3n+i 5
3n+i 3n+i
+X Py iR dx3n+i- dx2n+i -X Py iR dx2n+i- dx3n+i
X3n+i . X3n+i )
i@ = Dpr(X) = X" dx; — Xidxpy; + X3 doyn s — X2 dxgny; = (16)

Foralla=0,1,2,3 we obtain equation (16) furthermore , the differential of Hamiltonian energy is obtained by:

o
6xl-

oH 0H oH
dx; + ——dxpy + ——dxone +——dXz3p4; 17
i Bxnsi n+i Xamsi 2n+i X3+t 3n+i ( )

dH =
In this equation can be concise manner:

oH
dH = Yoco7, —dXansi = (18)

i

With respect to (2) , if equaled (16) and (17) , the Hamiltonian vector field is found as follows:

OH &  0H 8 oH a oH a
X=- ot - - 19
0xn4i0X;  0x;0Xn4i  OX3n4iOXan+i  OX2n+i 0X3n+i (19)
Assume that a curve
«<:] cR-> M
Be an integral curve of the Hamiltonian vector field X, i.e.,
X(a@®)=a tel - (20)

In the local coordinates , it is obtained that
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a(t) = (X, Xnti Xonsi» Xan+i)

And

. dx; 0 dxpyi 0 dxXan4+i O dxzn4i O

a(t) = _l_+ n+i + 2n+i + 3n+i - (21)
dt ox; dt 0xnp4i dt  0Xan+i dt  0Xzn+i

Taking (20) if we equal (19) and (21) it holds

dx; _ O0H dXnii _ B_H AXonsi _ OH dXsnyi . OH

dat - 0Xnyi ’odt dx; ’ dat 0X3n+i ’ dt - 0Xon+i

(22)

Hence , the equations introduced in (22) are named Hamiltonian equations with respect to component F* of para-quaternionic structure V*on
para-quaternionic Kdhler manifold (M , g, V™), and then the triple (M, @+, X) is said to be a Hamiltonian mechanical system on para-
quaternionic Kdhler manifold (M ,g,V*) . Secondly, let (M ,g,V™) be para-quaternionic Kdhler manifold. Assume that a component of
para-quaternion structure VV* , a Liouville form and a 1-form on para-quaternionic Kdhler manifold (M , g, V™) are denoted by
G*,Ag+ and wg-, respectively.
Consider:
1
wgr =5 (0 dx; + XpidXpgi + Xonsi@Xonsi + Xan4iXznei) = (23)
In this equation can be concise manner:
1
wer = 523:0 Xan+idXan+i - (24)
Then we have calculate:

1
— * —
Ao = G (wg) = 5 (XidXon4i = Xn4idXansi = Xon4idX; + X3n1idXn i)

It is well-known if @~ is a closed para-quaternionic K dhler form on para-quaternionic K dhler manifold (M, g ,V™), then @+ is also a
symplectic structure on para-quaternionic K dhler manifold (M, g ,V™).

Let X a Hamiltonian vector field related to Hamiltonian energy H and given by Eq(13).

Take into consideration:

Qg = —dAgr = dxgny; AdX; + dXpy i AdXzpyy = (25)
Then form Eq (15) we obtained

. ;
: : = = = [,
If:If:a=0 ix=X o,
D = X1 d dx; — X' -2 dx,.d xi2 4 d xi2 g d
b®g = & o AXonyi A% — X" 5= dX;. AXpnyy + X5 - Ay AXgnyi — X 5 AXznyi Xy
i 13 13 i

ix®gr = Dg+(X) = X2 dx; — X L dxpppy + X dogn e — X3 doy

, i 0
If:If:a=1 = 1X=X"+La—
5 Xn+i 5
P — yn+i n+i
ix®g =X p - dXop i dx; — X . dx;. dXyng
Xn+i Xn+i

n+i n+i
+X P +_.dxn+i.dx3n+i -X P +_.dx3n+l-.dxn+i
n+it n+it

ix®g = Dg+(X) = X2 dx; — XL dxgpiy + X dxgny; — X3 dog .y

, i 0
If:If:a=2 = iy=X"——
0Xon+i 5
i — y2n+i 2n+i
ixy®g =X P - dXpp i dx; — X p . dx;. dXon g
Zn+La 2n+i )
2n+i 2n+i
+X l__.dxn+,:.dX3n+i — X" la _.dx3n+i.dxn+i
Xon+i . . Xon+i i
iX(DG* = (DG* (X) = X2n+l. dxl- — Xt den_H' + X, dX3n+i - X3n+l. dan-
. i 0
If:If:a=3 = iy=Xx3""_———
0X3n+i 5
i — y3n+i 3n+i
ixy®g =X P - dXpp i dx; — X p . dx;. dXon g
37L+La 3n+i )
+X3"+l—_.dxn+i.dx3n+i — x3n+i P) _.dx3n+i.dxn+i
X3n+i . . X3n+i i
iX(DG* = (DG* (X) = X2n+l. dxl- - X den_H' + XnL dX3n+i - X3n+l. dan- - (26)

According to Eq(2) , if we equal Eq (17) and Eq (26), it yields

0H 0 oH a 0H 0 oH a

X=-

- 27

O0Xon4+i 0X;  0X3n4i0Xnyi  0X;0Xapyi  OXnyi OXznyi

Taking Eq (20) , Eq (21) and Eq(27) are equal , we find equations
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dx; oH AdXp4i oH dXon+i oH dX3n4i 0H
axi _ AXn+i _ 2nti _ OH 3nti _ - (28)

dat 0Xon+i ’odt 0X3n+i ’ dat ax; ’ dt 0Xp4i

Finally , the equations found in Eq (28) are called Hamiltonian equations with respect to component G* of para-quaternionic structure V/*on
para-quaternionic Kdhler manifold (M ,g,V™), and then the triple (M, ®4+, X) is said to be a Hamiltonian mechanical system on para-
quaternionic Kdhler manifold (M, g,V*) . Thirdly, let (M ,g,V*) be para-quaternionic Kdhler manifold. By H* , 1y+ and wy+, we give a
element of para-quaternion structure V* , a Liouville form and a 1-form on para-quaternionic Kdhler manifold (M , g ,V™) respectively.

Consider:

1
wpr = 5 (6 dX; + X1 dXnii + XonaidXonsi + XznsidXane)) = 29
In this equation can be concise manner:

1y
Wh* = EZa:O Xan+i@Xan+i - (30)

Then we have calculate:
1
— * —
Ay = H(wy) = 5 (dX3n4i + XnidXonsi = Xon+idXnti = Xan+id%;)

We know that if @y is a closed para-quaternionic K dhler form on para-quaternionic K dhler manifold (M , g, V™), then @y is also a
symplectic structure on para-quaternionic K dhler manifold (M, g,V*). Let X a Hamiltonian vector field connected with Hamiltonian energy H
and given by Eq(13).

Calculating :
Oy = —dAy = dxgnei ANAx; + dXonyi AdXpyy = (1)

Then form Eq (15) we obtained
If:lf:a=0 = iy=X —

i 9 ;0 ) i 9
1 — yi i i i
ix®p = X' —.dxgpq. dx; — X' ——.dx;. dxgpy + X . dXony dXpy — X' —— . dXxp g dXony
dx; ax; ax; ax;
ix@p = Oy (X) = X3 doy — X doxgnyy + X dx,y — X dxgn g
. ;0

f:lf:fa=1 = iy=X""——o0

OXn4i

iX(DH* — Xn+l.

)
n+i
dxspeidx; — X P +_.dxi.dx3n+i
n+it

n+i'
.9 .
+Xn+L . den_H'. dxnﬂ- — Xt
OXnai i i Xn+i i i
in)H* = CDH* (X) = X3n+1. dxi - Xt dX3n_H' + in-H. dxnﬂ- — Xt den_H'
. i 0

If:lif:a=2 = iy=Xx"—

0Xon+i

2n+i

i 0
dXgp 4 dx; — X20HE dx;. dXgng;
BXansi 3n+i i xamsi i 3n+i

+X2n+i . dx2n+i. dan- - X2n+i
0Xan+i . . Xon+i .
in)H* = CDH* (X) = X3n+1. dxi - Xt dX3n_H' + in-H. dxnﬂ- - Xn+l. den_H'
. i 0
If:lif:a=3 = iy=Xx3""_——
0X3n4i
3n+i

. dxn+i- dx2n+i

iX(DH* — XZTL+L

. dxn+i- dx2n+i

, ) ;0
ix®ye = X3 —— dxgpn . dx; — X3 —— dx;. dxspn.

X3n+i X3n+i
3n+i 3n+i
+X O ames’ dx2n+i. dan- -X O%ames’ dxn+i. dx2n+i
n+it n+t
ix @y = By (X) = X3 dx; — XE dxgpes + X2 doty s — X7 dxgne; (32)

With respect to Eq (2) we equal Eq (17) and Eq (32) we find the Hamiltonian vector field given by

X = — O0H 0 _ 0H a + 0H a +BH a N (33)

0x3n4i 0X;  OXon4i OXnyi  OXnyi0Xanyi  0X; 0X3nyg

Considering Eq (20) , Eq (21) and Eq(33) are equal , we find equations

dx; OH AxXn4i 0H AdXonti OH AX3n4i 0H
st S Zontl Ztendl T Zodnkl T (34)

dat 0x3nyi ~ dt xonei dat Oxnyi dat dx;

In the end , the equations introduced in Eq (34) are named Hamiltonian equations with respect to element H* of para-quaternionic structure V*on
para-quaternionic Kdhler manifold (M ,g,V*), and then the triple (M, ®y+, X)is said to be a Hamiltonian mechanical system on para-
quaternionic Kdhler manifold (M, g ,V™).
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CONCLUSION

From above, Hamiltonian mechanical systems have intrinsically been described with taking into account the basis {F*, G*,H*} of para-
quaternionic structure V*on para-quaternionic Kdhler manifold (M ,g,V™*). The paths of Hamilton vector field X on the para-quaternionic
Kdhler manifold are the solutions Hamiltonian equations raised in Eq (22) , Eq (28) and Eq (34), and obtained by a canonical local basis
{F*,G*, H*} of vector bundle V* on para-quaternionic Kdhler manifold (M ,g,V™).
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