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ARTICLE INFO  ABSTRACT 
 

 

We introduce the addition cube graph over a ring 𝑅, whose vertices are the elements of 𝑅, and 
two distinct vertices 𝑥 and 𝑦 are adjacent whenever 𝑥 + 𝑦 is a cube in 𝑅. We investigate 
fundamental graph-theoretic properties including degree, regularity, connectivity, bipartiteness, 
and Hamiltonian path for finite fields, we determine conditions under which every element is a 
cube and analyze the resulting connectivity behavior. In particular, the graph is complete over ℝ 
and ℂ, connected over ℤ and ℤ௡, and disconnected over 𝐹(𝑥) when char (𝐹) = 3. We further 
examine relationships between the graphs of a ring, its ideals, and quotient rings, proving that 
connectivity of both 𝐴𝐶(𝑅/𝐼) and 𝐴𝐶(𝐼) implies the connectivity of 𝐴𝐶(𝑅). 
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INTRODUCTION 
 
The study of graphs associated with algebraic structures has become 
an active research area connecting algebra and graph theory.  The 
basic idea is to associate a graph to a ring in such a way that algebraic 
properties of ring elements are reflected in combinatorial properties of 
the graph. A pioneering contribution in this direction was made by 
Beck (4), who introduced the zero–divisor graph of a commutative 
ring. Later, Anderson and Livingston (2) systematically investigated 
its structure and proved that the graph encodes many important ring–
theoretic information. Since then, numerous algebraic graphs on rings 
have been introduced and studied. These include ideal-based zero–
divisor graphs (9), annihilating–ideal graphs (5), total graphs (1), 
comaximal graphs, and unit graphs (3). In the past few years, 
algebraically defined graphs on rings and finite fields have continued 
to be investigated. Recent works studied connectivity, domination, 
and Hamiltonian properties of graphs associated with algebraic 
subsets of rings and finite fields (8). These results demonstrate that 
the arithmetic behavior of specific subsets such as units, squares, and 
powers plays a decisive role in determining graph-theoretic 
properties. Square element graphs of commutative rings were 
introduced (6) and further investigated in (7). The addition cube graph 
considered in this paper may be viewed as a higher power analogue 
obtained by replacing square elements with cube elements in the 
adjacency condition. Our goal is to investigate how the algebraic 
properties of cubic elements influence the structure of the associated 
graph. 

 
Definition 1. Let 𝑅 be a ring and define 𝐶 = {𝑎ଷ  :  𝑎 ∈ 𝑅} 
to be the set of cube elements of 𝑅. The addition cube graph of 𝑅, 
denoted by 𝐴𝐶(𝑅), is the simple graph whose vertex set is 
𝑉(𝐴𝐶(𝑅)) = 𝑅, and two distinct vertices 𝑥, 𝑦 ∈ 𝑅 are adjacent if and 
only if 𝑥 + 𝑦 ∈ 𝐶. The set 𝐶 is closed under additive inverses. 
Moreover, if 𝑅 is a commutative ring, then 𝐶 is closed under 
multiplication. If 𝑅 has unity 1, then 1 ∈ 𝐶. For distinct vertices 
𝑥, 𝑦 ∈ 𝑉, we write 𝑥 ↔ 𝑦 if and only if 𝑥 + 𝑦 ∈ 𝐶. 

 
Ring Theoretic Properties 
 
Proposition 1. Let 𝑅 be a commutative ring and let 𝐶 = {𝑎ଷ: 𝑎 ∈ 𝑅} 
be the set of cube elements of 𝑅. If 𝑅 is a ring of characteristic 3, then 
𝐶 is a subring of 𝑅. 
 
Proof. Since 0 = 0ଷ ∈ 𝐶, hence 𝐶 contains the additive identity. For 
any 𝑎 ∈ 𝑅, −(𝑎ଷ) = (−𝑎)ଷ, so 𝐶 is closed under additive inverses. 
Since 𝑅 is commutative, 𝑎ଷ𝑏ଷ = (𝑎𝑏)ଷ, and therefore 𝐶 is closed 
under multiplication. It remains to show closure under addition. For 
𝑎, 𝑏 ∈ 𝑅, 

𝑎ଷ + 𝑏ଷ = (𝑎 + 𝑏)ଷ − 3𝑎𝑏(𝑎 + 𝑏). 
 
If char (𝑅) = 3, then the second term vanishes and we obtain 
 

𝑎ଷ + 𝑏ଷ = (𝑎 + 𝑏)ଷ ∈ 𝐶. 
 
Thus 𝐶 is closed under addition. Therefore 𝐶 is a subring of 𝑅. 
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Theorem 2. Let 𝑅 be a commutative ring with unity and let 𝐶 =
𝑎ଷ: 𝑎 ∈ 𝑅}. If 𝐶 is a subring of 𝑅. Then 𝐶 has the same characteristic 
as 𝑅. 
 
Proof. Since 1ோ ∈ 𝐶, the subring 𝐶 contains the unity of 𝑅. Hence 
1஼ = 1ோ. Let 𝑛 = char (𝑅). Then 𝑛 ⋅ 1ோ = 0 in 𝑅. Because 1஼ = 1ோ, 
we also have, 𝑛 ⋅ 1஼ = 0 in 𝐶. Therefore, char (𝐶) divides 𝑛. 
Conversely, suppose char (𝐶) = 𝑚. Then 𝑚 ⋅ 1஼ = 0 in 𝐶. Since 
1஼ = 1ோ, this implies 𝑚 ⋅ 1ோ = 0 in 𝑅. By the minimality of 𝑛, we 
must have 𝑛 ∣ 𝑚.  
Since 𝑚 ∣ 𝑛 and 𝑛 ∣ 𝑚, therefore char(𝐶) = char(𝑅). 
 
Theorem 3. If 𝐹 is a finite field with order 𝑚 and 3 divides 𝑚, then 
every element of 𝐹 is a cube element. 
 
Proof. Let 0 ≠ 𝑎 ∈ 𝐹. Then 𝑎ିଵ exists and 
 

𝑎௠ିଵ = 1   ⇒   𝑎 = 𝑎 ⋅ 𝑎௠ିଵ = 𝑎௠ = (𝑎௠/ଷ)ଷ = 𝑦ଷ, 
 
where 𝑦 = 𝑎௠/ଷ. Thus, every element of 𝐹 is a cube element. 
 

Graphical Structure of Addition 
Cube Graph 
 
Definition 2. Let 𝐺 be an abelian group and let 𝑆 ⊆ 𝐺. The addition 
Cayley graph of 𝐺 with respect to 𝑆, denoted by 𝐶𝑎𝑦ା(𝐺, 𝑆), is the 
simple graph with vertex set 𝐺 in which two distinct vertices 𝑥, 𝑦 ∈ 𝐺 
are adjacent if and only if 𝑥 + 𝑦 ∈ 𝑆. In the literature, addition Cayley 
graphs are also called addition graphs, Cayley sum graphs and sum 
graphs. 
 

Theorem 4. Let 𝑅 be a commutative ring and let 𝐶 = {𝑎ଷ: 𝑎 ∈ 𝑅}. 
Then the addition cube graph 𝐴𝐶(𝑅) is the addition Cayley graph of 
the additive group (𝑅, +) with respect to 𝐶, i.e., 
 

𝐴𝐶(𝑅) = 𝐶𝑎𝑦ା((𝑅, +), 𝐶). 
 
Proof. The vertex set of 𝐴𝐶(𝑅) is 𝑅. By definition, two distinct 
vertices 𝑥, 𝑦 ∈ 𝑅 are adjacent in 𝐴𝐶(𝑅) if and only if 𝑥 + 𝑦 ∈ 𝐶. 
On the other hand, the addition Cayley graph 𝐶𝑎𝑦ା൫(𝑅, +), 𝐶൯ has 
vertex set (𝑅, +) and two distinct vertices 𝑥, 𝑦 ∈ 𝑅 are adjacent if and 
only if 𝑥 + 𝑦 ∈ 𝐶. 
 
Since both the adjacency conditions are identical, both graphs have 
the same vertex set and the same edge set. Hence 𝐴𝐶(𝑅) =
𝐶𝑎𝑦ା((𝑅, +), 𝐶). 
 
Proposition 5. The graph 𝐴𝐶(𝑅) is undirected. 
 
Proof. Let 𝑥, 𝑦 ∈ 𝑅 with 𝑥 + 𝑦 ∈ 𝐶. Then there exists 𝑎 ∈ 𝑅 such that 
𝑥 + 𝑦 = 𝑎ଷ. Since (𝑅, +) is an abelian group, hence 𝑦 + 𝑥 = 𝑎ଷ ∈ 𝐶. 
Therefore 𝑦 + 𝑥 ∈ 𝐶, which implies that 𝑥 ↔ 𝑦 if and only if 𝑦 ↔ 𝑥. 
Thus 𝐴𝐶(𝑅) is an undirected graph. 
 
Theorem 6. Let 𝐹 be a finite field with char (𝐹) > 2 and 𝐶 =
{𝑎ଷ: 𝑎 ∈ 𝐹}. Then the addition cube graph 𝐴𝐶(𝐹) is not bipartite. 
 
Proof. Since char (𝐹) > 2, so 1 ≠ −1 and 0 = 0ଷ, 1 = 1ଷ, −1 =
(−1)ଷ, we have 0, 1, −1 ∈ 𝐶. Now, 
 

0 + 1 = 1 ∈ 𝐶, 1 + (−1) = 0 ∈ 𝐶, (−1) + 0 = −1 ∈ 𝐶. 
 
Hence 0 ↔ 1, 1 ↔ −1, −1 ↔ 0. So, the vertices {0, 1, −1} form a 
triangle. Therefore 𝐴𝐶(𝐹) contains an odd cycle and is not bipartite. 
 
Theorem 7. Let 𝑅 be a finite commutative ring and let 𝐴𝐶(𝑅) be its 
addition cube graph. Then for any vertex 𝑥 ∈ 𝑅, 
 

deg (𝑥) = ൜
|𝐶| − 1, if  2𝑥 ∈ 𝐶,

|𝐶|, if  2𝑥 ∉ 𝐶,
  

where 𝐶 = {𝑎ଷ: 𝑎 ∈ 𝑅}. 

 
Proof. A vertex 𝑦 is adjacent to 𝑥 if and only if  𝑥 + 𝑦 ∈ 𝐶. Thus, 
there exists 𝑐 ∈ 𝐶 such that 𝑥 + 𝑦 = 𝑐   ⟺   𝑦 = 𝑐 − 𝑥. Hence every 
neighbor of 𝑥 is of the form 𝑦 = 𝑐 − 𝑥 for some 𝑐 ∈ 𝐶. Define a map 
𝜙: 𝐶 → 𝑅 by 𝜙(𝑐) = 𝑐 − 𝑥. If 𝜙(𝑐ଵ) = 𝜙(𝑐ଶ), then 𝑐ଵ − 𝑥 = 𝑐ଶ −
𝑥   ⟹   𝑐ଵ = 𝑐ଶ. Thus, 𝜙 is injective, and distinct elements of 𝐶 
produce distinct vertices 𝑦. Therefore, 𝑥 has exactly |𝐶| possible 
neighbors. The equality 𝑦 = 𝑥 occurs precisely when 𝑐 − 𝑥 = 𝑥   ⟺
  𝑐 = 2𝑥. Since loops are not allowed in 𝐴𝐶(𝑅), this vertex must be 
excluded whenever 2𝑥 ∈ 𝐶. Hence one neighbor is removed exactly 
when 2𝑥 ∈ 𝐶, giving 

 
deg(𝑥) = ൜

|𝐶| − 1,   𝑖𝑓 2𝑥 ∈ 𝐶
|𝐶|, 𝑖𝑓 2𝑥 ∉ 𝐶.

  

 
Theorem 8. Let 𝑅 be a finite commutative ring and let 𝐴𝐶(𝑅) be its 
addition cube graph. Then 𝐴𝐶(𝑅) is regular if and only if either 
2𝑅 ⊆ 𝐶 or 2𝑅 ∩ 𝐶 = ∅, where 𝐶 = {𝑎ଷ: 𝑎 ∈ 𝑅}. 
 
Proof. From the degree formula, for every vertex 𝑥 ∈ 𝑅, 
 

deg(𝑥) = ൜
|𝐶| − 1,   𝑖𝑓 2𝑥 ∈ 𝐶
|𝐶|, 𝑖𝑓 2𝑥 ∉ 𝐶.

  

 
Thus, the degree of a vertex depends only on whether 2𝑥 belongs to 
𝐶. 
 
Suppose 𝐴𝐶(𝑅) is regular, then all vertices have the same degree. If 
there exist 𝑥, 𝑦 ∈ 𝑅 such that 2𝑥 ∈  𝐶and 2𝑦 ∉ 𝐶, then 
 

deg(𝑥) = |𝐶| − 1 and deg (𝑦) = |C|, 
 
which contradicts the regularity of 𝐴𝐶(𝑅). Hence this cannot occur. 
Therefore, either 2𝑥 ∈ 𝐶 for all 𝑥 ∈ 𝑅, or 2𝑥 ∉ 𝐶 for all 𝑥 ∈ 𝑅. 
Equivalently, either 2𝑅 ⊆ 𝐶 or 2𝑅 ∩ 𝐶 = ∅. Conversely, if 2𝑅 ⊆ 𝐶, 
then 2𝑥 ∈ 𝐶 for every 𝑥 ∈ 𝑅, and hence deg (𝑥) =∣ 𝐶 ∣ −1, for all 
vertices 𝑥. Thus 𝐴𝐶(𝑅) is regular. If 2𝑅 ∩ 𝐶 = ∅, then 2𝑥 ∉ 𝐶 for 
every 𝑥 ∈ 𝑅, and hence deg (𝑥) =∣ 𝐶 ∣, for all vertices 𝑥. Again 
𝐴𝐶(𝑅) is regular.   
 
Therefore 𝐴𝐶(𝑅) is regular if and only if 2𝑅 ⊆ 𝐶 or 2𝑅 ∩ 𝐶 = ∅. 
 
Theorem 9. For every integer 𝑛 ≥ 2, the addition cube graph 𝐴𝐶(ℤ௡) 
is connected. 
 
Proof. Let 𝐶 = {𝑡ଷ: 𝑡 ∈ ℤ௡}. Since 0 = 0ଷ and 1 = 1ଷ, we have 
0, 1 ∈ 𝐶. Hence two vertices 𝑥, 𝑦 ∈ ℤ௡ are adjacent whenever 
𝑥 + 𝑦 ≡ 0(mod 𝑛) or 𝑥 + 𝑦 ≡ 1(mod 𝑛). 
 
We first show that all nonzero vertices lie in one component.  
 
For 1 ≤ 𝑘 ≤ ⌊𝑛/2⌋, 𝑘 + (𝑛 − 𝑘) = 𝑛 ≡ 0(mod 𝑛), so 𝑘 ↔ (𝑛 − 𝑘). 
For 1 ≤ 𝑘 ≤ ⌊𝑛/2⌋, (𝑛 − 𝑘) + (𝑘 + 1) = 𝑛 + 1 ≡ 1(mod 𝑛), so 
(𝑛 − 𝑘) ↔ (𝑘 + 1). Thus, we obtain a path 
 

1 ↔ (𝑛 − 1) ↔ 2 ↔ (𝑛 − 2) ↔ 3 ↔ ⋯ ௗ, 
 
which visits every vertex in ℤ௡ ∖ {0}. Therefore, all nonzero vertices 
belong to a single connected component. Finally, 0 + 1 = 1 ∈ 𝐶 ⇒
0 ↔ 1. Since 1 lies in the component containing all nonzero vertices, 
the vertex 0 also belongs to this component. Hence every vertex of  
ℤ௡ is reachable from every other vertex, and therefore 𝐴𝐶(ℤ௡) is 
connected. 
 
Remark 10. The addition cube graph 𝐴𝐶(ℤ௡) contains a Hamiltonian 
path.  
 
Theorem 11. The addition cube graph 𝐴𝐶(ℤ) is connected, where ℤ 
is the ring of integers. 
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Proof. Let 𝐶 = {𝑎ଷ: 𝑎 ∈ ℤ}. Since 0 = 0ଷ and 1 = 1ଷ, we have 
0,1 ∈ 𝐶. For any integer 𝑟 ∈ ℤ,  
 

𝑟 + (−𝑟) = 0 ∈ 𝐶   ⇒   𝑟 ↔ −𝑟, 
 
and  

(−𝑟) + (𝑟 + 1) = 1 ∈ 𝐶   ⇒    − 𝑟 ↔ 𝑟 + 1. 
 
Hence there is a path: 

 𝑟 ↔ −𝑟 ↔ 𝑟 + 1. 
 
Thus, repeatedly applying this step, 0 ↔ 1 ↔ −1 ↔ 2 ↔ −2 ↔ 3 ↔
−3 ↔ ⋯ ↔ 𝑟 ↔ −𝑟 ↔ 𝑟 + 1 ↔ ⋯ 
 
Therefore, all vertices lie in a single connected component, and hence 
𝐴𝐶(ℤ)is connected. 
 
Theorem 12. If ℝ is the ring of real numbers, then the addition cube 
graph 𝐴𝐶(ℝ) is a complete graph. 
 
Proof. Let 𝐶 = {𝑡ଷ: 𝑡 ∈ ℝ}. Every real number has a real cube root, 
hence for each 𝑟 ∈ ℝ there exists 𝑎 ∈ ℝ such that 𝑟 = 𝑎ଷ. Thus 
𝐶 = ℝ. For any distinct vertices 𝑥, 𝑦 ∈ ℝ, we have 𝑥 + 𝑦 ∈ ℝ = 𝐶, 
and therefore 𝑥 ↔ 𝑦. Hence every pair of vertices is adjacent, and 
𝐴𝐶(ℝ) is complete. 
 
Remark 13. The same argument shows that 𝐴𝐶(ℂ) is also a complete 
graph, where ℂ is the ring of complex numbers. 
 
Theorem 14. If 𝐹 is a finite field with order 𝑚and 3 divides 𝑚, then 
𝐴𝐶(𝐹) is a complete graph. 
 
Proof. From Theorem 3, all the elements of field 𝐹are cube element, 
so every two distinct elements of 𝐹 are adjacent in 𝐴𝐶(𝐹). Hence 
𝐴𝐶(𝐹) is a complete graph. 
  
Theorem 15. Let 𝑘 > 1 and 𝑅 = 𝑘ℤ. Then the addition cube graph 
𝐴𝐶(𝑘ℤ) is disconnected. 
 
Proof. In 𝑅 = 𝑘ℤ, every element has the form 𝑎 = 𝑘𝑚 with 𝑚 ∈ ℤ, 
and hence 𝑎ଷ = (𝑘𝑚)ଷ = 𝑘ଷ𝑚ଷ. Let 𝑥 = 𝑘𝑢 and 𝑦 = 𝑘𝑣 be vertices 
of 𝐴𝐶(𝑘ℤ) with 𝑢, 𝑣 ∈ ℤ. By definition of adjacency, 
 

𝑥 ↔ 𝑦   ⟺   𝑥 + 𝑦 = 𝑎ଷ for some 𝑎 ∈ 𝑅 
⟺   𝑘𝑢 + 𝑘𝑣 = 𝑘ଷ𝑚ଷ 

⟺   𝑢 + 𝑣 = 𝑘ଶ𝑚ଷ, for some 𝑚 ∈ ℤ. 
 
Consequently, 𝑣 ≡ −𝑢 (mod 𝑘ଶ).                                      (1) 
 
Assume there exists a path starting from the vertex 𝑘 = 𝑘 ⋅ 1 and let 
vertices of path be 𝑐௜ = 𝑘𝑢௜ . From eqation (1), if 𝑐௜ିଵ ↔ 𝑐௜, then 
 

𝑢௜ ≡ −𝑢௜ିଵ (mod 𝑘ଶ). 
 
Starting with 𝑢଴ = 1, from mathematical induction, we have 
 

𝑢௜ ≡ (−1)௜  (mod 𝑘ଶ). 
 
Hence every vertex reachable from 𝑘 satisfies 𝑢 ≡ ±1 (mod 𝑘ଶ). 
However, −𝑘ଷ = 𝑘(−𝑘ଶ) corresponds to 𝑢 = −𝑘ଶ ≡ 0 (mod 𝑘ଶ), 
which does not satisfy the above condition. Thus, no path exists 
between 𝑘 and −𝑘ଷ, and therefore 𝐴𝐶(𝑘ℤ) is disconnected. 
 
Theorem 16. Let 𝑅 be a commutative ring with unity and 𝐼 an ideal 
of 𝑅. If the addition cube graphs 𝐴𝐶(𝐼) and 𝐴𝐶(𝑅/𝐼) are connected, 
then 𝐴𝐶(𝑅) is connected. 
 
Proof. Recall that in 𝐴𝐶(𝑅) two vertices 𝑥, 𝑦 ∈ 𝑅 are adjacent if and 
only if 𝑥 + 𝑦 = 𝑎ଷ, for some 𝑎 ∈ 𝑅. 
 

Step 1: We wil show that every element of 𝑅 is connected to an 
element of 𝐼. 
 
Let 𝑎 ∈ 𝑅. Since 𝐴𝐶(𝑅/𝐼) is connected, there exists a path 
 

𝑎 + 𝐼 = 𝑐଴ + 𝐼 ↔ 𝑐ଵ + 𝐼 ↔ ⋯ ↔ 𝑐௥ + 𝐼 = 𝐼 
in 𝐴𝐶(𝑅/𝐼). We shall construct a path in 𝐴𝐶(𝑅) starting from 𝑎 and 
ending at an element of 𝐼. 
 
Set 𝑑଴ = 𝑎. We construct elements 𝑑ଵ, 𝑑ଶ, … , 𝑑௥ ∈ 𝑅 inductively such 
that 𝑑௝ ∈ 𝑐௝ + 𝐼. Consider 𝑑௝ିଵ ∈ 𝑐௝ିଵ + 𝐼. Then 
 
 

𝑑௝ିଵ = 𝑐௝ିଵ + 𝑠for some 𝑠 ∈ 𝐼.                            (2)   
 
Since 𝑐௝ିଵ + 𝐼 ↔ 𝑐௝ + 𝐼 in 𝐴𝐶(𝑅/𝐼), we have 
 

𝑐௝ିଵ + 𝑐௝ = 𝑏ଷ + 𝑡, for some 𝑏 ∈ 𝑅, 𝑡 ∈ 𝐼           (3) 
 

Define 𝑖௝ = 𝑡 + 𝑠 ∈ 𝐼, 𝑑௝ = 𝑐௝ − 𝑖௝ . Clearly 𝑑௝ ∈ 𝑐௝ + 𝐼. Now compute 
 

𝑑௝ିଵ + 𝑑௝ = (𝑐௝ିଵ + 𝑠) + (𝑐௝ − 𝑖௝)

= (𝑐௝ିଵ + 𝑐௝) + (𝑠 − 𝑖௝)

     = (𝑏ଷ + 𝑡) + (𝑠 − (𝑡 + 𝑠))

= 𝑏ଷ.

 

 
Thus 𝑑௝ିଵ ↔ 𝑑௝  in 𝐴𝐶(𝑅). Repeating this construction for 𝑗 =

1,2, … , 𝑟, we obtain a path 𝑎 = 𝑑଴ ↔ 𝑑ଵ ↔ ⋯ ↔ 𝑑௥ in 𝐴𝐶(𝑅). Since 
𝑐௥ + 𝐼 = 𝐼, we have 𝑐௥ ∈ 𝐼. Because 𝑖௥ ∈ 𝐼, 𝑑௥ = 𝑐௥ − 𝑖௥ ∈ 𝐼. Hence 
every element 𝑎 ∈ 𝑅 is connected to some element of 𝐼. 
 
Step 2: We will show that 𝐴𝐶(𝑅) is connected. 
 
Let 𝑥, 𝑦 ∈ 𝑅. From Step 1, 𝑥 is connected to some 𝑖ଵ ∈ 𝐼 and 𝑦 is 
connected to some 𝑖ଶ ∈ 𝐼. Because 𝐴𝐶(𝐼) is connected, there exists a 
path within 𝐼 joining 𝑖ଵ and 𝑖ଶ. Concatenating these paths yields a 
path from 𝑥 to 𝑦 in 𝐴𝐶(𝑅). Therefore 𝐴𝐶(𝑅) is connected. 

 
Theorem 18. Let 𝐹 be a field with char (𝐹) = 3. Then the addition 
cube graph 𝐴𝐶(𝐹(𝑥)) is disconnected. 
 
Proof. In 𝐴𝐶(𝐹(𝑥)), two polynomials 𝑓, 𝑔 ∈ 𝐹(𝑥) are adjacent if and 
only if 𝑓 + 𝑔 = ℎଷ for some ℎ ∈ 𝐹(𝑥). Since char (𝐹) = 3,  
 

(𝑎 + 𝑏)ଷ = 𝑎ଷ + 𝑏ଷ for all 𝑎, 𝑏 ∈ 𝐹(𝑥).  
 
Let ℎ(𝑥) = 𝑏଴ + 𝑏ଵ𝑥 + 𝑏ଶ𝑥ଶ + ⋯ + 𝑏௠𝑥௠ ∈ 𝐹(𝑥). Repeated use of 
the identity (𝑎 + 𝑏)ଷ = 𝑎ଷ + 𝑏ଷ   gives 
 
 

ℎ(𝑥)ଷ = 𝑏଴
ଷ + 𝑏ଵ

ଷ𝑥ଷ + 𝑏ଶ
ଷ𝑥଺ + ⋯ + 𝑏௠

ଷ 𝑥ଷ௠ . 
Hence every monomial appearing in a cube polynomial has degree 
divisible by 3. 
 
Step 1: We will show that cube and non-cube polynomials cannot be 
adjacent.  
 
Let 𝑓(𝑥) be a cube polynomial and let 𝑔(𝑥) be a polynomial that 
contains a monomial 𝑎𝑥௠ with3 ∤ 𝑚. Every term of 𝑓(𝑥) has degree 
divisible by 3, so no cancellation can remove the term 𝑎𝑥௠ in 
𝑓(𝑥) + 𝑔(𝑥). Therefore 𝑓(𝑥) + 𝑔(𝑥) still contains a term whose 
degree is not divisible by 3, and hence 𝑓(𝑥) + 𝑔(𝑥) cannot be a cube 
polynomial. Thus, a cube polynomial cannot be adjacent to a non-
cube polynomial in 𝐴𝐶(𝐹(𝑥)). 
 
Step 2: We will show that there is no path between cube and non-
cube vertices. 
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Suppose there exists a path 𝑓଴ ↔ 𝑓ଵ ↔ ⋯ ↔ 𝑓௥ in 𝐴𝐶(𝐹(𝑥)) with 𝑓଴ a 
cube polynomial. By Step 1, if 𝑓௝ିଵ ↔ 𝑓௝, then 𝑓௝  must also be a cube 
polynomial. By induction, every vertex 𝑓௝  in the path is a cube 
polynomial. Hence a non-cube polynomial cannot be reached from a 
cube polynomial. So, the set of vertices 𝐹[𝑥] splits into two nonempty 
disjoint subsets {cube polynomials} and ൛non-cube polynomialsൟ, and 
there are no edges between them. Therefore 𝐴𝐶(𝐹(𝑥)) is 
disconnected. 
 

CONCLUSION 
 
We introduced the addition cube graph of a commutative ring 𝑅, in 
which two vertices are adjacent whenever their sum is a cube element 
of 𝑅. We studied basic properties of this graph, including degree, 
regularity, connectivity, bipartiteness, and Hamiltonian paths, and 
showed how these properties depend on the algebraic structure of the 
ring. In particular, we obtained criteria for regularity, proved that 
connectivity can be lifted from an ideal 𝐼 and the quotient ring 𝑅/𝐼 to 
𝑅, and analyzed several important examples. The graph is connected 
for ℤ and ℤ௡, complete for ℝ and ℂ, and disconnected for 𝐹(𝑥) when 
char (𝐹) = 3. These results highlight the interplay between ring-
theoretic properties and the structure of the associated addition graph 
and suggest further study of related power-based addition graphs. 
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