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INTRODUCTION

Crisp set [5] which has a membership function only 0 and 1 is applied in a lot of branches besides mathematics. To get a wider
application of the set theory, L.A. Zadeh [6] introduced the notion of a Fuzzy sub set p of a Set X as a function from X to [0,1].
After the introduction of Fuzzy sets by L.A.Zadeh [6], the Fuzzy concept has been introduced in almost all branches of
Mathematics. Then the concept of Intuitionistic Fuzzy Set (IFS) was introduced by K.T. Atanassov [1] as a generalization of the
notation of a Fuzzy set. Here, we discuss the algebraic nature of Intuitionistic Fuzzy operations and prove some results on the
commutative Monoid.

1. Preliminaries

For any two IFSs A and B, the following relations and operations can be defined [2, 3, 4] as follows.

Definition 1.1 - Crisp Sets:

The Crisp set is defined in such a way to classify the individuals in the Universe in two groups : Members and Non Members

Definition 1.2 — Fuzzy Sets:

A fuzzy set is a class of objects with a continuum of grades of membership. Such a set is characterized by a membership
(characteristic) function which assigns to each object a grade of membership ranging between zero and one.
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Definition 1.3 — Fuzzy Sub sets:
Let S be any non empty set, A mapping p from S to [0,1] is called a Fuzzy sub set of S.
Definition 1.4 — Intuitionistic Fuzzy sets:

Intuitionistic fuzzy sets are sets whose elements have degrees of membership and non-membership. Intuitionistic fuzzy sets have
been introduced by Krassimir Atanassov (1983) as an extension of Lotfi Zadeh's notion of fuzzy set, which itself extends the
classical notion of a set. An Intuitionistic Fuzzy Set A in a non empty set X is an object having the form

A= {<x, n, (%), ya(®x)>/xeX} where the functions pa : X—[0.1] and y, : X—[0.1] denote the degrees of membership and non
membership of the element xeX to A respectively and satisfy 0< p, (x)+ ya(x) < 1 for all xeX. The family of all intuitionistic
fuzzy sets in X denoted by IFS (X).

Definition: 1.5 — Operators of intuitionistic fuzzy sets
For every two IFSs A and B the following operations and relations can be defined as

ANB iff (for all xeE)( p, (x) < pp (x) and yo(x) = yp(x)
A=B iff (for all xeB)(p, (x) = g (%) Jand( yo(x) = yp(x))
ANB = {[x,min(p, (x), pg(x)),max(ya(x), yg(X)}/xeE}

AUB = {[x,max((n, (x), pg(x)),min(ya (x), yg(x))l/xeE}
A+B= {[x, (1, ()+ pp () -p, pp (%), Ya(x). ve(x)]/ x€E}
AB= {[x, (1, () g (), ya(®) +v(X) — va(x). yg(x)]/x€E}
A@B= { [ x, p, )+ pg(x)/2, ya(x) + vp(x)/2]/x€E}

2. Proof of theorems

Theorem 2.1
(ANB)@C=(A@C)N(B®@C)
PROOF:

We know that,

ANB = {< x, min { pA(x),uB(x) }, max { YA(x),y(x) } > /x€E}
A@B={<x, pA(x) + uB (x)/2, YRA(x)+yYRB(x)/2>/x €E}

L.HS.= (ANB)@C

= {<x, min{ uRA(x),uRB(x)}, max{yRA(x),yRB(x)}/x€E} @
{<x,uC(x),yC(x)>/xeE}

Let pA(x) < uB(x) and yB(x) >YA(X) -------------- > *
={<x,uAX),yB(x) >/xeE}@ { <x, pC(x),yC(x) > /x€E}
={<x pAX) + uC(x)/2,yB(x) +yC(x)/2 > / x € E} ------------ > @
RHS=(A@C)N(B@C)

={<x, pAX) + puC(x)/2 ,yAX) +yC(x)/2 > /x€E} N

{<x uBx) + puC(x)/2,yB(x) + yB(x)/2 > /x e E}

= {<x, min {pA(x) + pB(x) + nC(X)/2},

max {(YA(X) +vC(x))/2;(yB(X) +vC(x))/2}/x€cE}

={<x pAX) + uC(x)/2,yB(x) + uC(x)/2> / x€E } by * -------- >@
From O and @ L.H.S = R.H.S

Hence (ANB)@C=(A @ C) N(B @ C)

Similarly we prove that

A@BNC)=A@B)NA @O0

Theorem 2.2

(AUB)@ €C=(A @ C) U(B @ C)

LHS.=(AuB)@C

= {<x, max { pA(x), uB(x) }, min { YA(x), YB(X)/x€E } @
{<x, pC(x), yC(x) >/x€E }

Let pA < uB, YA(X) < yB(X) --------------- > (*¥%)

= {<x, uB(x), YA(x) >/x € E} @ {<x, pC(x), yC(x)>/x€E }
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= {<x, uB(x) + pC(x)/2 , YA(X) + yC(x)/2 >/ X € E } =----m-—-- >(3)
RHS.=(A@ )uB @ C)

= {<x, pPAX) + pC(x)/2 , YAX) +yC(x)/2>/x€E } U

{<x, uB(x) + uC(x)/2 , yB(x) + yC(x)/2>/x€E }

= {<x, max { pA(X) + nC(x)/2 , uB(x) + pC(x)/2} ,

min { YA(x) + yC(x)/2 , yB(x) + yC(x)/2 } / x € E } by (**)

={< a,)uB(x) + uC(x)/2 , yYA(x) + yC(x)/2 >/ x € E} -=-=mmmmmmm- > @)

= L.H.S.=R.H.S
Similarly we prove that
A@BUCO)=(A@B)UA@C

Theorem 2.3

(A@B).C=A.C @B.C

LHS.=(A@B).C

= <X, pa(X) T ue(x)/2, ya(x) +ya(x)2>/x€E } .

{< X, HC(X) s YC(X) >/ X€ E}

= {<X, e(X) - [pa(x) + us(X))/2, [ya(x) + v8(X)])/2 + yc—
[Ya(X) +¥8(X)] /2 . Yo(X) / X € B} =mremmmmeee >
RHS.=A.C@B.C

= {<X, pa(X) - pe(x) 5 Ya®) + ve(x) = va(x) . yc(x) >/x€E} @
1<%, ua(X) - pe(x), ¥B(X) + vc(x) — vB(X) . Yc(x) >/ x € E}

= {<X, [Ha(X) - pe(x) + pa(x) - ne(X)]/2 5 ya(x) + ve(x) -
Ya(X) . ve(x) +v(X) + ye(X) — vB(X).yc(X)/2 >/ x € E }

= {<X, [Ha(X) + 1e(X)]/2 . pe(X) , {ya(x) + v(X) + 2yc(x) —
Ye(X) [ ya(x) +v8(x) ] }/2/x € E }

= {<x, [Ha(x) + ue(¥)]/2} . pe(x) , [ya(x) + y8(X)]/2 + ye(x) -
Ye(X) [Ya(X) + ¥5(X)]/2 / X € B} -nmemmeeev > (6

®=6©

Hence proved.
Theorem 2.4

(NB).C={<x, min (ua(x) , pa(x)) , max (ya(x) , yB(x) >/x € E } .
{<x, ue(x) ,yc(x)>/x€E }

Let pa(x) < pp(x) and ya(x) > yp(x) --------- >®

Then,

(ANB).C={<x, pa(x), ya(x) >/x € E } . {<X, pe(x), ye(x) >/ x € E }
= {< X, pa(X).pe(x), YA TYe(X)-Ya(X)YC(x)>/ x € E } --->(2)
(A.C)N(B.C)

= {<X, pa(x), va(x) >/ x € E} . {< X, pe(X), ye(x) >/ x € E} N

{<X, pa(x), vp(x) > /x € E } . {<X, pe(x), ye(x) >/ x € E }

= {<X, LaAX)Hc(X) 5 YA HYc(X)-ya(X)yce(x) > /x € E } N

{< X, pe(X)pc(X) , YBX)HYc(X)-y(X)yc(X) >/ x € E }

= {<x, min { pA(X)Hc(X) , ue(X)Hc(X) } max { ya(x)yc(x)—
YaX)ve(x) 5 YB(X)HYe(X)-ve(X)vc(x) } >/ x € E }

Since pa(x) < pp(x) , Ya(x) > y5(x) by D

ED{< PE@HA(X)MC(X) L YAV X)-Ya(X)Ye(x) / X € B } —=---> (2)

(ANB).C=(A.C)N(B.C)
Hence proved.

Theorem 2.5

(ANB)t(AUB)=A+B

LH.S.=( NB)+(A UB)

= {<x, min { pA(X),uB (x) }, max { YA(x),yB(x) }/x€E } +
{<x, max { pA(x),uB(x) }, min { YA(x),yB(x) } / x € E}

Let pA(x) < uB(x) and yA(X) < yB(X) =----=-========-=--- > *

= {<Xx, pAX),yB(x) >/x € E } + {<x, uB(x),yA(X) >/x€E }
= {<X, PAK)TUB(X)-pA(X)uB(x),yA(X)yB(x) > /x € E }

= A + B by definition of “ + “

= R.H.S — Hence proved.
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Theorem 2.6

(ANB).(AUB)>~=A.B

LHS.=( NB).(AUB)

= {<x, min { pa(x),up(x) }, max { ya(x),yp(x) j /x €E }.

{<x, max { pa(x),up(x) }, min { ya(x),ys(x) } /x€E }

={<x ua®)ye(x) > /x € B} {<x, pup(x),ya(x) >/ x € E } by *
= {<x, pa(X)pp(X), Ye(X)Tya(X) — VB(X)YA(X) > /X € E }

= {<x, pa(X)pp(X), YAX)HyR(X) — Ya(X)y8(X) > /X € E }

= A . B by definition of “. *

= R.H.S — Hence proved.

Theorem 2.7

(AtB)@(A.B=A@B

LHS.=(+B)@(A.B)

= {<X, pa(X)Hup(x) — pa(X).pus(X), YaAX)vB(X) > /X €E } @
{<X, pa(X).1s(X) , YaX)Hy(X)-ya(X)y(X) > /X € E }

= {<X, { LX) (X)—pa(X)-pp(X)HRA(X)-pa(X) } /2,
{YA(X) Y)Y A HYR(X)Ya(X)yB(X) } /2>/x€E }

= <X A Hue(X) / 2, ya(x)tye(x) /2> /x €E }

= A @ B by definition.

= R.H.S — Hence proved.

Theorem 2.8

(ANB)@(AUB)=A@B

LHS=(ANB)@(AUB)

= {<x, min { pA(x),up(x) } , max { ya(x),ys(x) } >/x€E} @
{<x, max { pa(x),up(x) } , min { ya(x),yp(x) } >/x€E }

Let pa(x) < pp(x) and ya(x) <y p(x)

= {< X, MA(X)9YB(X) >/xeE } @ {< X, HB(X)ayA(X) >/xeE }
= {<X, [ma)tus())/2 , [ye()tya(x))/2>/x €E }

=A@B

=R.H.S — Hence proved.

Theorem 2.9

(ANB)@(AUB)=(A+B)@ (A .B)
From theorem 7 and 8
LH.S.=R.H.S.

Conclusion

We have defined different operations of Intuitionistic Fuzzy Sets. Using these, we have proved different relations between these
operators in the intuitionistic fuzzy sets.
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